Abstract. A sequence of F -polynomials {F n K (t, )} ∞ n=1 of virtual knots K was defined by Kaur, Prabhakar, and Vesnin in 2018. These polynomials have been expressed in terms of index value of crossing and n-writhe of K. By the construction, F -polynomials are generalizations of the Kauffman's Affine Index Polynomial, and are invariants of virtual knot K. We present values of F -polynomials of oriented virtual knots having at most four classical crossings in a diagram.
Introduction
Virtual knots were introduced by L. Kauffman [9] as a generalization of classical knots. They are presented by virtual knot diagrams having classical crossings as well as virtual crossings. Equivalence between two virtual knot diagrams can be determined through classical Reidemeister moves and virtual Reidemeister moves shown in Fig. 1(a) and Fig. 1(b) , respectively.
Various invariants are known to distinguish two virtual knots. We are mainly interested in invariants of polynomial type. In the recent years, many polynomial invariants of virtual knots and links have been introduced. Among them are Affine Index Polynomial by L Kauffman [11] , Writhe Polynomial by Z. Cheng and H. Cao [1] , Wriggle Polynomial by L. Folwaczny and L. Kauffman [5] , Arrow Polynomial by H. Dye and L. Kauffman [4] , Extended Bracket Polynomial by L. Kauffman [10] , Index Polynomial by Y.-H. Im, K. Lee and S.-Y. Lee [6] , Zero Polynomial by M.-J. Jeong [7] , sequences of L-polynomials and F -polynomials by K. Kaur, M. Prabhakar, and A. Vesnin [13] .
Let K be an oriented virtual knot and D be its diagram. For a positive integer n, in [13] n-th F -polynomial of K was defined by assigning two weights for each classical crossing c ∈ D. One is the index value Ind(c), which was defined in [1] . Second is the n-dwrithe number ∇J n (D), defined as difference between n-writhe and (−n)-writhe, with n-writhe defined in [14] . For each classical crossing c of the diagram D we smooth it locally to obtain a virtual knot diagram D c with one less classical crossing. The smoothing rule, which we call a smoothing against orientation, is shown below in Fig. 4 . After smoothing, we calculate n-dwrithe value ∇J n (D c ) of D c and assign it to the crossing c of D. An n-th F -polynomial of oriented virtual knot K is defined in [13] via its diagram D as given in definition 2.4 below.
The paper is organized as follows. In Section 2 we give some basic definitions and known results on F -polynomials and explain the polynomial computations in details in Example 2.5. Recall that virtual knots up to four crossings were tabulated by Jeremy Green under the supervision of Dror Bar-Natan [8] (see also Appendix A in the book [3] ). For the reader's convenience we present these diagrams in Tables 3, 4 , and 5, with the orientation indicated.The knots are denoted from 2.1 to 4.108, where the first integer means the number of classical crossings. In Theorem 3.1 F -polynomials of these virtual knots are given, see Tables 6-10. In Proposition 3.2 we demonstrate that there exists an infinite family of oriented virtual knots with the same F -polynomials.
Basic definitions
Let D be an oriented virtual knot diagram. By an arc we mean an edge between two consecutive classical crossings along the orientation. The sign of classical crossing c ∈ C(D), denoted by sgn(c), is defined as in Fig. 2 . Now assign an integer value to each arc in D in such a way that the labeling around each crossing point of D follows the rule as shown in Fig. 3 . with a and b be labels as presented in Fig. 3 . Recall that the Kauffman's affine index polynomial can be defined as
where the summation runs over the set C(D) of classical crossings of D.
In [14] , S. Satoh and K. Taniguchi introduced the n-th writhe. For each n ∈ Z \ {0} the n-th writhe J n (D) of an oriented virtual link diagram D is defined as the number of positive sign crossings minus number of negative sign crossings of D with index value n. Remark, that J n (D) is indeed coefficient of t n in the affine index polynomial. This n-th writhe is a virtual knot invariant, for more details we refer to [14] . Using n-th writhe, a new invariant was defined in [13] as follows. Let n ∈ N and D be an oriented virtual knot diagram. Then the n-th dwrithe of D, denoted by ∇J n (D), is defined as
Remark 2.1. The n-th dwrithe ∇J n (D) is a virtual knot invariant, since n-th writhe J n (D) is an oriented virtual knot invariant by [14] . Moreover, ∇J n (D) = 0 for any classical knot diagram. 
Then ∇J n (D) = 0 for any n ∈ N \ S(D). Therefore, for any virtual knot diagram D there exists n 0 such that ∇J n (D) = 0 for any n greater than n 0 .
Let D − be the reverse of D, obtained from D by reversing the orientation and let D * be the mirror image of D, obtained by switching all the classical crossings in D.
Let c be a classical crossing of an oriented virtual knot diagram D. We consider two smoothings at c as shown in Fig. 4 , depending on arcs orientations. Both smoothings will be referred to as against orientation smoothing. 
Definition 2.4 ([13]
). Let D be an oriented virtual knot diagram and n be a positive integer. Then n-th F -polynomial of D is defined as
where
We illustrate computation of F -polynomials in the following example.
Example 2.5. Let us consider an oriented virtual knot diagram D = 3.1 presented in Fig. 6 . The diagram D has three classical crossings denoted by α, β, and γ, as it is shown in the left-hand picture. In the right-hand picture we presented orientation of arcs for each classical crossing and the corresponding labeling, satisfying the rule given in Fig. 3 . Crossing signs can easily be found from arc orientations around crossing points given in The result of calculations for oriented virtual knot diagrams D α , D β , and D γ , presented in Fig. 6 , is given in Table 1 . Basing on these calculations Table 1 . Values of sgn, Ind, and dwrithe for diagrams from Fig. 6 .
we obtain that T 1 (D) = ∅, T 2 (D) = ∅, and F -polynomials for diagram D. Namely, for n = 1 and n = 2 we get
For all n ≥ 3 F -polynomials coincide with the Affine Index Polynomial:
Through calculations of F -polynomial we considered oriented virtual knot diagram D of 3.1 with the orientation given in Figure 6 . The F -polynomials of 3.1 presented in 6 were done for the opposite orientation. We recall that changing orientation of the diagram leads to changing the sign of the dwrith number. This completes the Example 2.5.
Theorem 2.6 ([13]
). For any positive integer n the polynomial F n K (t, ) is an oriented virtual knot invariant.
F -polynomials for Green's table and for Kauffman's infinite family
Tabulation of prime classical knot diagrams in order of increasing of crossing numbers was started in 19-th century. Nowdays tables of classical knot diagrams as well as their invariants are widely presented in the literature.
Unfortunately, there are few results related to tabulation of diagrams of virtual knots. We point out that virtual knots up to four crossings were tabulated by Jeremy Green under the supervision of Dror Bar-Natan [8] (see also Appendix A in the book [3] ). For the reader's convenience we present these diagrams in Tables 3, 4 , and 5, the knots are denoted from 2.1 to 4.108.
We computed F n -polynomials for these knots and splitted up knots into groups with the same polynomials. For each knot K polynomials F n are presented up to such n that F n K (t, ) reduces to Affine Index Polynomial P K (t).
Theorem 3.1. F -polynomials of virtual knots with diagrams from 2.1 to 4.108 are presented in Tables 6-10. Proof. The result is obtained by computer calculations which follow the algorithm of finding F -polynomials based on the definition.
Observe that since 3.6 is the classical trefoil and 4.108 is the classical figure-eight knot, their F -polynomials are trivial.
We recall that in [12, Fig. 27 ] Kauffman presented an infinite family of virtual knots with the same Affine Index Polynomial. He mentioned that all of them are labeled cobordant to the Hopf link diagram and they can be distinguished from one another by the bracket polynomial. Proof. We will use the same family of virtual knots as Kauffman used in [12] for the Affine Index Polynomial. Consider oriented virtual knot diagram D 1 with one virtual crossings and three classical crossings α 1 , β and γ as presented in Fig. 7 . Applying smoothings against orientation in classical crossings, we will obtain three oriented virtual knot diagrams D 1 α 1 , D 1 β and D 1 γ pictured in Fig. 7 . It is easy to calculate the values presented in Table 2 . Therefore T 1 = {α 1 , β, γ} and Sign index value dwrithe
Similar to [12, results as for the diagram D 1 with the same behavior at crossings β and crossings γ, respectively; and the same behavior at α 1 , α 2 , α 3 of D 3 as at α 1 of D 1 . Similar arguments work for an arbitrary odd k. Since we get that for any odd k ≥ 1 for the oriented virtual knot diagram D k we have name of the virtual knot n F n (t, )-polynomials
